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[15] R. C. Jones: "A new calculus for the treatment of optical systems, Part 1-111," J. Opt The Bandwidth of a Multimode Fiber Chain PEDER M. RODHE Abstract-We propose a new method. for evaluating the baseband transmission in a multimode fiber chain. Carnevale and Paek (BeN Syst. Tech. J., vol. 6 2 , pp. 1415-1431, 1983) stated that errors in the tiber manufacturing process will randomly distort a desired index profile, presumably of power-law type. We extend their discussion to the bandwidths of concatenated fibers, by considering Gaussian approximations to actual transfer functions. The bandwidth can thus be separated into two parts, one of which is due to the over-and undercompensation of individual, idealized power-law profiles and the other of which refers to random profile distortions as well as possible mode coupling within mode groups. The former part should normally dominate the length dependence of longer chains. The latter part may be replaced by an expectation value, typical for the actual manufacturing process. A remarkably good agreement is achieved between experimental and predicted bandwidths for various chain configurations. in a chain of concatenated multimode fibers is a complicated problem because of the many variables. We may attack it by first separating intramodal effects (related to the source spectrum and the material dispersion) and then studying intermodal contributions from individual fibers of the chain and joints between fibers. We expect the most important intermodal contributions to arise from group delay differences among the guided modes and equalization of modal propagation times. Microbending and absorption loss usually are less significant in modern fibers. Moreover, if individual fibers of the chain are similar and joints are of reasonable quality, the joint effects may be very slight.
The concatenation problem has earlier been considered by several authors. Eve [ I ] used probability theory to qualitatively explain mode coupling and time equalization in jointed U.S. Government work not protected by U.S. copyright fibers with pure power-law profiles. Love [5] applied the y-method to verify Miyamoto's prediction that inverse bandwidth of a long chain of similar fibers will vary linearly with length if the operating wavelength is not too close to that of the maximum bandwidth of the chain.
Carnevale and Paek [6] , who had different objectives, provided a useful discussion of the propagation mechanisms in high-bandwidth fibers produced by the MCVD process. By applying mode theory and introducing a few probability concepts, they argued that the intermodal pulse broadening in a fiber can be separated into two distinct parts, one that depends on an average index profile of power-law form, the other that depends on ran'dom profile fluctuations around this average. They furthermore associated the former part witha least-square line fit to the mode locations in the group index/phase index plane and the latter part with the spread of mode locations about this line.
We extend their discussion in this paper by considering propagation in a fiber chain.
Using probability theory we investigate the statistical dependence between the mentioned pulse broadening contributions.
We will find, as might be expected, that these contributions still are separable in the chain. The corresponding frequency domain functions might be fairly irregular, especially at higher baseband frequencies. However, if we consider Gaussian functions, fitted to actual functions at low frequencies, our result will also apply to the corresponding Gaussian bandwidths. It will also be shown that experimental bandwidths can be very well predicted by this theory if bandwidths of relevant fiber pairs are already known. Furthermore, we will present the results of using a qualitative three-parameter method. That part of the bandwidth which refers to random profile fluctuations will here be assigned an expected value, typical for the fibers studied.
TRANSMISSION MODEL

A. Preliminaries
The intermodal baseband transmission in a fiber having neglible mode coupling may be evaluated by calculating the group delay versus wavenumber for the various guided modes 161- [8] . We here define the mode propagation time for a baseband signal to be the modal group delay (in s . rn-') multiplied by fiber length. We furthermore define the differential delay of the signal as the difference between its propagation time and a suitably chosen reference time.
As an example we consider a circular fiber of axisymmetric cross section with an index profile of Fig. 1 . This may represent a practical case of a power-law profile, distorted by the layers deposited during the preform stage. We first calculate the modes of this fiber by solving the scalar-wave equation numerically [8] . We here find twofold degeneracy for solutions having no azimuthal variation in the cross section and fourfold degeneracy otherwise [9] . Fig . 2 shows the propagation time versus normalized wavenumber for a fiber length of 1 km and h = 850 nm. A few modes which are very close to cutoff are excluded. We see in Fig. 2 , that modes tend to cluster in well-defined mode groups with respect to certain, very nearly evenly spaced wavenumbers (these groups are thus confined to nearly vertical lines in Fig. 2 ). This even spacing is typical for the case of a powerlaw profile that is close to optimum.
The line in the figure is a least-squares fit to the different mode locations. For the following discussion it will be useful to consider this line as one which also connects the mode locations of an idealized fiber having an infinite power-law profile [7] . We can actually show that the modes of a fiber with the dashed profile of Fig,  1 are very closely located to this line.
Negative and positive line slopes in t h s context refer to over-and undercompensated profiles, respectively D l .
We may add that if modes are equally excited, a density function of propagation time (or differential delay) can be identified with the intermodal impulse response of the fiber [7 J . We will later return to this assertion.
B. Properties of Individual Fibers
A fiber manufacturing process may be considered as a set of experiments that lead to fibers with similar transmission properties. We, therefore, choose to study such properties in terms of probability theory [IO] , by introducing the random variables i and 3. We let h represent the differential delay and the wavenumber. If i is of discrete type (3 certainly is), a joint probability density 1101 of t and j may appear as in We assume that practical fibers might exhibit some coupling between modes in the same mode group. On the other hand, we may neglect coupling between groups. This presupposes that profile variations along the fiber axis are restricted to spatial periods of the order of centimeters or larger [ 111.
t then becomes a continuous random variable while 3 still is of a discrete type. As in the case of Fig. 2 we may again perform a least-square line fit in the time/wavenumber plane, now with respect to the probability mass centers of i [lo] for each mode.
As proposed by Carnevale and Paek in the discrete case [ 6 ] , the spread of differential delay about this line might for the main part depend on random fluctuations of an idealized power-law profile due to errors in the manufacturing process. Accordingly, we introduce two new random which is the same as in [ 6 ] .
C. Properties of Fiber Chains
The above concept can be developed further in order to study chains of concatenated fibers. To keep our discussion simple, we neglect the effect of fiber joints, which is reasonable if fibers of the chain are similar and joints are of good quality. Any fiber or chain of fibers can be assumed to have reciprocal transmission properties, that is, these should be independent of the transmission direction. We furthermore assume that the transmission properties of the chain will be independent of the position in the chain of any individual fiber.
As before, for two fibers, 1 and 2, we may consider the random variables i,,, i l d , h2,, and i2d such that f, = fle + tld, and i2 = h2e t h2d. It will now be interesting to study tlz = tl t f 2 , the total differential delay of the jointed pair. (2) Both 4 , and qz can be either tl or -1. Negative and positive signs here refer to over-and undercompensated, idealized profiles, respectively. Since profile fluctuations of the two fibers can be assumed to be 'independent in a statistical sense, this should also hold for the random variables t ; d and t ; d . The variance of flzd = i l d t ?2d then becomes Similarly, as for any of the individual fibers, we may argue that even h12, and i12d are independent. By using (2) and (3) we can, therefore, write the variance of i,, as
Indeed, it should be straight-forward to extend the result of (4) to the total differential delay hl, . . ., L in a chain of L fibers. If we label these fibers by i = 1,2,3, . . . , L , we obtain
D. The Equivalent Gaussian Bandwidth
The positive square root of the variance, the standard deviation, measures the effective width of the associated probability density. The Fourier transform of the latter is a characteristic function [lo] . In accordance with our preliminary discussion, we let the probability density of the total differential delay define the impulse response of the chain and so, the corresponding characteristic function becomes the transfer function.
For further reference we shall find it useful to approximate the characteristic functions by Gaussians.
We may establish the physical relevance of this from observations of the amplitude of actual transfer functions. These are often irregular at higher baseband frequencies.
On the other hand, amplitudes usually are nearly Gaussian at lower frequencies; sometimes out to the -3-dB frequency, which defines the usual bandwidth. It might thus be appropriate to fit a Gaussian function to a a few low-frequency points of the actual amplitude function. An example of this is illustrated in Fig. 3 . Note here that when a logarithmic (dB) amplitude scale is used, such a Gaussian will transform into a parabolic function.
In the case of a well-behaved' transfer function we may consider the trivial procedure of fitting a Gaussian to only two points, for example the 0-and the -1.5-dB points or the 0-and the -3-dB points (see Fig. 3 ). 1 We may apply the above fitting procedure to all characteristic functions considered in this study. Using the same arguments which led to (i) and (5) 
which means that the equivalent Gaussian bandwidth of a fiber chain can be predicted if we know the corresponding bandwidths of the individual fibers of the chain as well as the bandwidths of all possible pair combinations of these (remembering our assumption about reciprocal transmission properties).
E. Length Scaling of Bandwidth
In (7) for example, the contribution from the double-summation should dominate for large L. In other words, we might expect equalization effects to be more significant for longer chains. The average characteristics can be estimated from (7) if we consider the rms value of the bandwidth
where ''{. . >,' stands for an ensemble average over fibers of equal length, manufactured by the same process. For large L we find that if (qi)(Bi2) = 0, BF,* will vary with the squareroot of L while otherwise, B& will vary linearly with L . The former case should mean that the chain operates very closely to its optimum wavelength. Our result indeed agrees with recent ones by others [4] , [5] .
F. Qualitative Prediction of Bandwidth
It is reasonable to assume that bandwidths of equally long fibers manufactured by the same process will have about the same contributions from random profile distortion. Accordingly, we can introduce an expected value Bd for Bid, characteristic for this process. Equation (7) then converts into
(1 2 )
'Ne must introduce a constraint in (12) , that if for some i, Bi > Bd, the corresponding term of the double summation should be set to zero. We furthermore see from (9) 
EXPERIMENT
Twelve multimode fibers, intended for long-distance communication, were incorporated in the experimental part of our study. In the following these are referred to as A , B, C, * . , L . Each fiber was 1.02 km long and had a specified NA of 0.21 and a core diameter of 50 pm. Eleven of the fibers were made for first window (X = 850-nm) applications whle one was of the double-window type (850/1300 nm, fiber B). Fibers were inserted in loose buffer tubes filled with a moistureresistant compound. These in turn were placed in an alldielectric cable structure, providing for a well-protected environment for the fibers during measurements. Various chain combinations were formed by fusion splicing fibers together.
Transfer function amplitude was measured with a standard frequency domain setup [ 121 , which included an electronically stabilized semiconductor CW laser operating at 850 nm, and a high-bandwidth avalanche photodetector. Frequency selective measurements were accomplished by means of a spectrum analyzer and a tracking generator, the latter which modulated the laser at computer-controlled frequencies.
Two kinds of launching methods were tested, an overfilled launch [12] and a mode-filter launch (using a launching fiber, 50 m long, with some extra mechanical strain applied). An overfilled launch might better meet our theoretical requirement of an equal mode excitation. In practice, it turned out that bandwidths of individual fibers varied at an average less than 5 percent between the two methods. We, therefore, chose the overfilled launch, also since it provided for easier adjustment of the fiber during an experiment. On the other hand, the mode-filter launch was useful in estimating the average joint loss. We here compared the measured attenuation of a spliced chain with that expected from adding the measured attenuations of the individual fibers of the chain.
Bandwidth versus length was measured for the eight chains of Table I , each consisting of six fibers. In addition, we carried out all measurements necessary for prediction of these chains from either (IO) or (12) . This included the bandwidths of 66 fiber pairs, the maximum number which could be formed from 12 fibers, regarding the assumed reciprocity of transmission properties.
To correct measured transfer functions for material dispersion, a careful analysis was necessary, w h c h even involved the variation of the wavelength spectrum of the laser source during modulation, The resulting intramodal transfer functions were then extracted from the measured transfer functions in the usual way [ 131 .
We obtained two kinds of equivalent Gaussian transfer functions, by fitting to the 0-and the -1.5-dB and the 0-and the -3-dB points, respectively, of the corrected transfer functions. Accordingly, we will in the following refer to the O/-1.5 and the 0/-3 cases.
IV. RESULTS Typical joint b s s in our experiments was estimated as less than 0.2 dB. We assumed this value to be sufficiently low so that we could neglect the joint effects altogether.
The amount of transfer function correction due to material dispersion can be estimated from Fig. 4 . We here used an effective material dispersion coefficient of -92.5 ps km-' nm-'
[ I 3 J .
The predicted nonlinear length scaling of inverse intramodal bandwidth indicates chirping effects.
In Table I1 we present the equivalent Gaussian bandwidths for the 12 individual fibers. Results for the 66 fiber pairs are shown in Table 111 , including the factor q12, calculated from 
. Referring to their idealized, infinite profiles, two fibers, B and F , here seem to be compensated differently from the other fibers. However, in the 0/-3 case we notice that pairs A B and AC both have q12 = 1 while BC has q12 = -1. This clearly is inconsistent with our definition of qii. The reason might be that fiber B , as already mentioned, is of a different type (double window). Similar ambiguities even seem to affect fiber F. However, we can conclude from the pair results that this fiber operates very closely to its optimum wavelength (hence Be is very large). This means that an estimation of the equalization factor may be severely affected by experimental errors.
Measured bandwidth versus length for the eight chains are compared with predictions based on the information in Table  I1 and Table 111 . By using (10) we obtained the results in the 0/-1.5 and the 0/-3 cases, respectively, presented in
Figs.
5(a)-(h) and 6(a)-(h). The predictions
of chains 1-6 are here significant only for three or more fiber sections, since bandwidths of the leading pairs are already known from Table 111 . For chains 7 and 8 on the other hand, bandwidths of the leading pairs were measured in the opposite direction to the corresponding bandwidths of Table  111 . We, therefore, let the latter represent the predicted values in Figs. 5(g), (h) and 6(g), (h). The result of using (12) is shown in Fig. 7(a)-(h) . We here considered the 0/-3 case, finding an expected value Bd of 972 MHz. Fig. 8 depicts the corresponding variation of the relative deviation R of (13).
V. DISCUSSION
A fundamental problem at 850 nm is to predict corrections due to the material dispersion, especially for longer fiber chains. We found in our case that such a correction would very well be just as important as the corrected transfer function itself (compare Fig. 4) . The situation might improve if the source spectrum is more narrow. However, it is still unclear if the present concept of a transfer function will be valid for spectrally very narrow sources [14] .
Most of the corrected transfer functions in this study are regular and nearly Gaussian in shape out to at least their -3-dB points. This explains why differences between the 0/-1.5 and the 0/-3 types of bandwidths are rather small. As might be expected though, somewhat larger differences are observed for fiber B and chains which include fiber B. Still, there will be no great advantage here using O/-1.5 instead of 0/-3 type of fitting, especially since the O/-1.5 type may be more sensitive to experimental errors.
The deviations between predicted and experimental points in Figs. 5 and 6 are mostly of the same order as the expected measurement precision [12] . The largest deviations are still as small as about 10 percent. This indicates that our model may be useful in describing the dominating transmission mechanisms in a fiber chain. The model is realistic in that it is related to a representative fiber manufacturing process.
As distinguished from Eve [ l ] , we have neglected the distributed mode coupling between mode groups and the effects of joints. This might be reasonable, considering present fiber and splicing techniques. We should point out, however, that our experiments have been restricted to chain lengths of 6.12 km or shorter due to the range of the measuring setup. Fig. 7 shows that even a qualitative approach can be worthwhile. This still presupposes that we can somehow measure the equalization. We might here consider other methods of finding the equalization factor than from measurements on jointed pairs. For example, it is evident that bandwidth should increase when the operating wavelength approaches the optimum wavelength of the fiber. Therefore, if we measure bandwidth at two adjacent wavelengths, we might determine whether these are above or below optimum. This in turn should tell whether the idealized power-law profile, as referred to in this paper, is over-or undercompensated.
VI. CONCLUSION
We have presented a new method of deriving the bandwidth of a fiber chain by extending Carnevale and Paek's result [6] for an individual fiber. Our derivation is thus based on transmission properties which are related to a typical manufacturing process (the MCVD). In this respect the presented method is more realistic than previous ones [ l ] , [ 2 ] . We have furthermore demonstrated a remarkably good agreement between theory and experiment, despite the difficulty at 850 nm to make corrections for the material dispersion. Our results apply to equivalent Gaussian functions, obtained as two-point fits to amplitudes of actual, corrected transfer functions.
We expect bandwidth to become more dominated by equalization effects when the length of a fiber chain increases. This is qualitatively consistent with results of recent statistical studies [4] , [5] . We have also tested a three-parameter method for bandwidth prediction, which should be more versatile than that of the y-parameter [2] in that equalization effects will be more accurately considered.
APPENDIX A DERIVATION OF' EQ. (2) Let m = 1, 2, 3, . . ,M label the mode groups with respect to decreasing wavenumber. Consider the average, least-square estimated differential delays t l e , m and tze+ for modes in group m, common to fiber 1 and 2. Assume the spacing of groups with respect to wavenumber as well as to the average, least-square estimated differential delay to be very nearly con- 
This is the same as (2).
APPENDIX B DERIVATIVE OF EQ. (6)
According to the discussion preceding (l), the random variables f, and t d are independent. Their probability densities are then related to the probability density of t as [IO] f t = f t e *ft(-J. 
034)
This result can easily be extended to a chain of L fibers Bi:. . . 
Differential delay
where K L is a constant irrespective of m. An approximate probability density in the above sense of tl,. . .,Le must, therefore, obey the same rules as illustrated for ti, (Fig. 9) . Now, for Fourier transforms of the above approximate densities, we should come to a similar conclusion; these will all obey a common, principal form. But these Fourier transforms should also be excellent representations of the true characteristic functions of fie and It follows that, to a good approximation, equivalent Gaussian bandwidths of the latter functions are inversely proportional to the corresponding standard deviations. From (2), extended to L fibers, we thus obtain Approximate probability densities of ti, may then look like in Fig. 9(a), (b) . Each vertical bar here represents a certain mode group; the height of the bar corresponds to the number of modes in that group and bars are evenly spaced versus time. The principal form of such densities is thus determined; however, as we see in the figure, densities might be folded over with respect to the mode group of lowest order. In other terms, (a) and (b) here refer to over-and undercompensated cases, respectively. 
